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We study thin films of A/B diblock copolymer in a lamellar phase confined between two parallel
plates (electrodes) that impose a constant voltage across the film. The weak-segregation limit is
explored via a Ginzburg-Landau-like free-energy expansion. We focus on the relative stability of
parallel and perpendicular orientations of the lamellar phase, and how they are affected by variation
of the following four experimental controllable parameters: addition of free ions, the difference
in ionic solubilities between the A and B blocks, their dielectric contrast, and the preferential
interaction energy of the plates with the blocks. It is found that, in general, the addition of ions
lowers the critical voltage needed to reorient the lamellae from being parallel to the plates, to being
perpendicular to them. The largest reduction in critical voltage is obtained when the ions are
preferentially solubilized in the block that is not preferred by the plates. This reduction is even
further enhanced when the dielectric constant of this block has the higher value. These predictions
are all subject to experimental test.
I. INTRODUCTION
Block copolymers are polymeric systems composed of
two or more chemically distinct blocks, covalently joined.
They self-assemble into structures with a characteristic
scale on the order of a few to hundreds of nanometers [1].
The simplest block copolymer (BCP) system is that of
a diblock copolymer, in which each chain is composed
of two blocks. The well-studied phase behavior of A/B
BCP melts shows various three-dimensional morpholo-
gies including lamellae, hexagonally close-packed cylin-
ders, body-centered cubic packing of spheres, and gyroid
networks [2, 3]. These bulk structures can be controlled
and adjusted by changing the three following parame-
ters: the fraction, f , of the A block in a chain, the Flory-
Huggins χ parameter that is related to the temperature,
and the BCP chain length, N [4–6].
Thin films of BCP have been intensively studied be-
cause of their significant potential for applications in sev-
eral technologies, such as those employed in the micro-
electronics industry [7, 8]. For example, one can use
nano-lithography techniques based on BCP self-assembly
to produce complex nano-materials. This is considered a
promising strategy to confront the challenges of the next
generation computer-chip production [9, 10]. However,
an ever-present difficulty that constrains its wider ap-
plication, is the requirement to produce perfectly aligned
and defect-free self-assembled structures on lateral length
scales of dozens of microns or more.
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To address those issues, a large body of work [11–25]
has been devoted to understanding and controlling the
orientation of BCP thin films, and the means by which
the defects in their patterns can be eliminated. These
studies show that the structural requirements can be
achieved by subjecting the BCP films to a variety of ex-
ternal fields and treatments, such as electric [11–15] and
magnetic [16] fields, surface patterning [17–24] and shear
forces [25].
In several experimental studies [26–29], external elec-
tric fields were used to align and orient thin PS-b-PMMA
films with a cylindrical morphology. In the absence of any
electric field, the cylinders were oriented parallel to the
film’s substrate. Application of a voltage difference V ,
across the film thickness creates a perpendicular electric
field. Above some voltage threshold, Vc, full alignment of
cylindrical domains oriented in a perpendicular direction
to the substrate (and in the direction of the electric field)
was achieved.
One way of reducing the value of Vc, is to reduce the
substrate/film interactions by adsorbing onto the sub-
strate a layer of random copolymer brushes, as was done
in Ref. [27]. In follow-up studies [28, 29], the influence
of ionic impurities (such as LiCl) on PS-b-PMMA align-
ment has been investigated. When the concentration of
added LiCl was greater than a certain value (about 210
ppm), it was claimed that the hexagonal micro-domains
can be fully oriented perpendicularly to the film surface,
regardless of the strength of interfacial interactions. It
was also suggested [29] that the Li+ ions complex selec-
tively with the PMMA block, causing an increase of the
PMMA dielectric constant. Larger dielectric differences
decrease the Vc value and, in general, enhances the ability
of the electric field to orient thin BCP micro-domains.
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2Motivated by these experiments, several theoretical
studies [30–38] focused on the orientation transition of
BCP thin films subject to a constant voltage imposed by
an external source. The parameters used to model the
film (beside χ, N and f) are the surface energies of the
A and B blocks with the substrate, the film thickness
L, and the corresponding dielectric constants, εA and εB
of the two blocks. The theoretical methods vary from
a simple capacitor model of parallel and series stack-
ing of alternating A and B dielectric layers, applica-
ble in the strong-segregation limit of large χN [30, 31],
to Ginzburg-Landau (GL) expansions for the free en-
ergy [32–34] in the weak-segregation limit, close to the
Order-Disorder Temperature (ODT), χcN , and to self-
consistent field theories (SCFT) [34–36].
The underlying physical mechanism for the orienta-
tion transition has a simple origin. Initially, the lamellar
phase is oriented parallel to the two bounding surfaces,
because the surfaces have a preferential interaction with
one of the two blocks. Then, a voltage difference, V , is
introduced across the film, and it creates a perpendicu-
lar electric field of magnitude E = V/L, where L is the
film thickness. Because the dielectric constants of the
two blocks are different, the polarization of the system
in the parallel (L‖) and perpendicular (L⊥) orientations
is different. In the latter L⊥ orientation, the large po-
larization lowers the system free-energy (held at a fixed
voltage by the external source). Therefore, the electric
field prefers a perpendicular orientation and competes
with the surface interaction favoring the parallel phase.
Eventually, as V passes some critical value, Vc, the sys-
tem makes a transition from the parallel orientation, L‖,
to the perpendicular one, L⊥.
Given the above explanation for the reorientation tran-
sition in an electric field, one would expect that adding
free charges that are preferentially solubilized in one of
the blocks, would enhance the polarizability of the L⊥
orientation and, thereby, lower the voltage, Vc, needed to
bring about the transition [37].
A few theoretical works have studied this possibility.
Putzel et al. [38] modeled the lamellar BCP thin film as a
stack of alternating A/B layers of two different dielectric
constants (εA > εB). The polymeric nature of the un-
derlying blocks was not considered, and the charges were
assumed to be completely solubilized in one of the two
blocks. Monovalent cations were fixed to the A block and
distributed uniformly. The anions were free to move and
distributed themselves among the different A lamellae,
while they were not allowed to penetrate the B layers.
It was found that the voltage Vc was reduced by a small
amount when electrical neutrality was required for the
entire system. However, if each A lamella would satisfy
individually electro-neutrality, then a large reduction in
Vc was found, due to the larger polarization of the per-
pendicular orientation as compared to the parallel one.
More recently, Dehghan et al. [36] revisited the ef-
fect of added ions in a BCP film. They considered the
strong-segregation regime, χN = 20, and utilized SCFT
in which the polymer segment profiles and electric prop-
erties are statistical variables calculated self-consistently.
Once again, the A blocks (with εA > εB) were taken
to be uniformly charged by the anions and the cations
could move freely throughout the system. The solubility
of these mobile counter-ions in the B layers was taken to
be much smaller than their solubility in the A layers. Two
scenarios were investigated separately and resulted in op-
posite trends. When the B block (with the lower ionic
solubility) is favored by the plates, the critical voltage Vc
decreased when the amount of free ions or the difference
in ion solubility between the two blocks increases. How-
ever, when the A block (with the higher ionic solubility)
is favored by the plates, the opposite occurs. Here, Vc
increases as a function of the amount of free ions and
difference in ion solubility between the blocks.
In the present study, and unlike previous works [36–
38], we consider a thin BCP film in the weak-segregation
limit, χN & χcN . This means a more gradual A/B den-
sity profile, which leads to a different ionic distribution
across the lamellar film. Both cations and anions are
mobile and can reach equilibrium by changing their lo-
cal concentration. The critical voltage, Vc, is calculated
for all controllable system parameters, the surface free-
energy between the two bounding plates and the BCP
film, the dielectric contrast and difference in ionic sol-
ubility of the A/B blocks, and the ion concentrations.
Furthermore, we investigate separately the case in which
the block with a favorable interaction with the plates is
also the one with higher ionic solubility, and the opposite
case in which it is not.
The analytic calculation is done in the framework of
the Ginzburg-Landau free-energy expansion. The ad-
vantage of the relative simplicity of the calculation is
that we are able to vary all parameters over substan-
tial ranges. Although the concentration of free ions is in
general small, the ionic effect can be rather large. From
our analysis, a simple coherent picture emerges, permit-
ting us to make several predictions about the dependence
of Vc on added ions and on several controllable system
parameters. In particular, it was found that the addition
of ions generally reduces the critical voltage needed to
reorient the lamellae from the parallel to perpendicular
orientation.
The outline of the paper is as follows. In section II,
we introduce the model. The equations for the spatial
profiles of all relevant quantities are obtained by mini-
mization of the free energy in the two orientations, L‖
and L⊥. In section III, the relative stability of the two
phases is calculated numerically as function of the ap-
plied voltage, V . The resulting critical voltage, Vc, is
then obtained as a function of all relevant and control-
lable system parameters mentioned above, and done for
two different cases: (i) the block with the weaker ionic
solubility is favored by the plates (Figure 6), and (ii) the
block with the larger ionic solubility is favored by the
plates (Figure 7). Finally, in section IV, we isolate the
various factors that contribute to the behavior of the crit-
3ical voltage, Vc, and draw some conclusions (section V)
that are of value to future experiments.
II. MODEL
We investigate the lamellar phase of A/B diblock
copolymers in the weak-segregation limit, which occurs
close to the ODT between the disordered and lamellar
phases. Each polymeric chain contains N = NA + NB
monomers, NA of the A block and NB of the B block.
The mole fraction of the two blocks is f = NA/N and
1 − f = NB/N , respectively. As the two species are as-
sumed to have the same monomeric volume, the A and
B volume fractions are equal to the corresponding A and
B molar fractions.
In a coarse-grained model, the local volume fractions
of the A and B monomers at position R = (X,Y, Z) are
denoted, respectively, φA(R) and φB(R). Their spatial
average is 〈φA〉 = f and 〈φB〉 = 1 − f . In the present
study, only the symmetric BCP, f = 0.5, is considered,
although generalizations for f 6= 0.5 are straightforward
and important, for example, for the hexagonal phase. For
incompressible BCP melts, φA(R) + φB(R) = 1 for all
R, and the thermodynamic quantities depend only on
the relative volume (or molar) fraction, φ(R) ≡ φA(R)−
φB(R), which serves as an order parameter.
In terms of the electrostatic properties, the A and
B blocks are taken to be uncharged but have different
dielectric constants, εA and εB. Thus, the response
of the layered BCP film to an external electric field is
anisotropic. It is reasonable to further assume a linear
dependence of the local (coarse-grained) dielectric con-
stant, ε(R), on the local A/B concentration:
ε(R) = εAφA(R) + εBφB(R) . (1)
Expressed in terms of the relative BCP concentration,
φ(R), this spatial dependence takes the form
ε(R) = ε¯+ δε φ(R) = ε¯[1 + λφ(R)] (2)
where
ε¯ = (εA + εB)/2 ,
δε = (εA − εB)/2 ,
λ = δε/ε¯ , (3)
where the parameter λ is the relative dielectric contrast
between the A and B blocks and will be used hereafter.
One of our main objectives is to elucidate the effect of
the relative solubility of free ions in the A and B blocks
on the voltage needed to reorient the film. This is done
by the addition of monovalent cations and anions that are
dissolved in the BCP melt. The solvation of the cations
and anions depends on the local relative concentration
φ(R) of the A and B monomers, and their number den-
sity n±(R) is sufficiently small so that the ions do not
affect the incompressibility condition of the pure BCP
melt assumed above.
Figure 1 presents schematically the setup and the two
considered lamellar orientations. We will treat a BCP
film of a lamellar morphology confined in the (X,Z)
plane. It is taken to be translationally invariant in the
Y -direction, and confined between two flat and parallel
plates at Z = ±L/2.
The two bounding plates have multiple roles. They im-
pose a rigid and planar boundary on the BCP melt, and
they interact differently with the A and B blocks. This
preference is modeled by two surface interaction param-
eters σ˜t for the top surface at Z = L/2, and σ˜b for the
bottom one at Z = −L/2. The plates, held at different
fixed voltages, ±V/2, impose an electrostatic potential
difference across the film. The capacitor-like anisotropic
BCP film responds differently to the voltage in the par-
allel (L‖) and perpendicular (L⊥) orientations. This is
manifested in a different ion profile in each of the two
orientations (see, e.g., Figures 2 – 4 of section III). Those
ionic profiles, in turn, interact with the anisotropic and
heterogeneous dielectric profile of the film.
A. Free energy
The total free-energy of the lamellar BCP film with
solvated free ions can be written as a sum of five terms
discussed separately below,
F = Fpol + Fp−i + Felec + Fion + Fsurf . (4)
The first term, Fpol, is the Ginzburg-Landau (GL) ex-
pansion of the free energy of neutral BCP without any
electrostatic effects. It has been used extensively to de-
scribe lamellar and other BCP mesophases and their A/B
density profiles [6, 32, 33]. This term can then be written
as
Fpol
kBTρL3
=
∫
d3r
[
τ
2
φ2 +
h
2
(∇2φ+ q20φ)2 +
1
24
φ4
]
,
(5)
where hereafter the notation convention is that all lower-
case lengths are rescaled by the film thickness L: r ≡
R/L, x ≡ X/L, y ≡ Y/L and z ≡ Z/L. The polymer
density is ρ = 1/Nb3, where b3 is the monomer volume.
The free-energy expression in eq 5 is an expansion in pow-
ers of the relative concentration, φ(r) = φA(r) − φB(r),
and its spatial derivatives. It depends on several phe-
nomenological parameters. The first of these is the re-
duced temperature, τ = 2N(χc − χ), where χ is the
Flory parameter between the A and B monomers, with
Nχc ' 10.49 being the value at the critical point (ODT).
The second is q0, which is the wavenumber, in units of
1/L, of the lamellar phase. The third, h, is the dimen-
sionless energy cost of spatial variations in the order pa-
rameter. For further details on the choice of parameter
values see Refs. [6, 32, 33]
The second term, Fp−i, is the non-electrostatic solva-
tion energy of the cations and anions in the A/B melt. In
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FIG. 1. Schematic illustration of a lamellar block copolymer film in the (X,Z) plane, confined between two flat and parallel surfaces
located at Z = ±L/2. The color code legend shows the relative A/B concentration in which yellow (gray) indicates A and blue
(black) indicates B. In (a) and (b), the lamellar phases are oriented parallel to the surfaces and are denoted LA‖ and L
B
‖ , respectively.
In (a), the A-monomers (yellow/gray) have a preferred surface interaction with the plates, while in (b), the B-monomers (blue/black)
are preferred. In (c), the lamellae are in the perpendicular orientation, L⊥. The distance between the two plates along the Z-direction
is L. The two plates act as electrodes imposing a voltage V across the film, and no currents are allowed to flow in the system.
general, this interaction (per kBT ) can be written phe-
nomenologically as(
αA+ n+ + α
A
− n−
)
φA +
(
αB+ n+ + α
B
− n−
)
φB . (6)
where αA± and α
B
± are the dimensionless ionic solvation
parameters, and n+ and n− are the number densities of
positive and negative mobile ions.
In order to reduce the number of solvation parameters,
a more restrictive case is considered, for which the cations
and anions have equal solvation energy with the A (or B)
blocks,
αA = α
A
± ,
αB = α
B
± . (7)
Then, the Fp−i term of the free energy reduces (up to a
constant) to
Fp−i
kBTL3
= α
∫
d3r (n− + n+)φ , (8)
where
α ≡ (αA − αB)/2 (9)
is the only relevant ion-polymer solvation parameter in
our study. Note that throughout this work we take α to
be positive, meaning that the ions solvate preferentially
in the B block.
The third term, Felec, is the electrostatic energy, in-
cluding the ion contribution. In SI units
Felec
L3
=
∫
d3r
[
− ε0ε(r)
2L2
(∇Ψ)2 + e(n+ − n−)Ψ
]
, (10)
where Ψ(r) is the electrostatic potential, ε0 is the vacuum
permittivity, e is the unit of electric charge, and ε(r) is
the spatially-dependent dielectric constant introduced in
eqs 1-3.
The fourth term, Fion, includes the ion entropy of mix-
ing
Fion
kBTL3
=
∫
d3r
[
n− ln(a3n−) + n+ ln(a3n+)−n−−n+
]
,
(11)
with a3 being the volume of the cations/anions, taken to
be equal for both species.
The last term, Fsurf , is the surface interaction energy:
Fsurf
L2
=
∫
S
d2rs σ˜(rs)φ(rs) , (12)
where the integration is over all bounding surfaces, and
σ˜ is the surface interaction coupled to the A/B surface
concentration, φ(rs). For our two-plate system, the top
and bottom plates have a constant value of the surface
interaction, σ˜t ≡ σ˜(z=0.5) and σ˜b ≡ σ˜(z= − 0.5). Note
that σ˜ < 0 means that the plates prefer the A block,
while for σ˜ > 0, they prefer the B block.
The BCP film is in contact with a reservoir of BCP
chains and ions. As the reservoir is electrically neutral,
the number densities of anions and cations are both taken
to be equal to nb, the bulk salt concentration in the reser-
voir.
In order to proceed and calculate the various profiles,
we need to minimize the total free energy with respect to
n±, Ψ and φ. First, by minimization of the free energy
with respect to n±, the sum and difference of n± can be
expressed as:
n+ + n− = 2nbe−αφ cosh(eΨ/kBT ) ,
n+ − n− = −2nbe−αφ sinh(eΨ/kBT ). (13)
It is convenient to introduce the following dimension-
5less quantities:
ψ(r) =
eΨ(r)
kBT
, v =
eV
kBT
, N0 =
nb
ρ
σ =
σ˜
kBTρL
, κD = L
(
2e2nb
ε0ε¯kBT
)1/2
=
L
λD
(14)
where N0 is the ratio between the ion and polymer bulk
concentrations, and κ−1D = λD/L is defined as the Debye
screening length, λD, in units of L, in a medium with
dielectric constant ε¯.
With the above definitions, the total free-energy of
eq 4, with the use of eqs 5, 8 and 10–13, takes the rescaled
form
F
kBTρL3
=
∫
d3r
{[
τ
2
φ2 +
h
2
(∇2φ+ q20φ)2 + 124φ4
]
−N0
κ2D
(1 + λφ) (∇ψ)2 − 2N0e−αφ coshψ
}
+
∫
S
d2rs σ(rs)φ(rs) .
(15)
The free-energy expressions for the parallel (L‖) and
perpendicular (L⊥) lamellar orientations can now be
written separately. The L‖ phase can be further divided
into two sub-phases, LA‖ and L
B
‖ , depending on whether
the A-rich lamellae (arbitrarily chosen to have the smaller
ionic solubility), have a preferred interaction with the
plates, or the B-rich lamellae are the preferred ones. See
Figure 1 for an illustration of the three lamellar orienta-
tions.
B. The L‖ phase
For lamellae that are parallel to two infinite surfaces
(electrodes) at z = ±0.5, the system is translationally in-
variant in the horizontal x and y directions. The lamellar
free-energy density can be expressed from eq 15 only as
a function of z, and for an L×L×L film, the free energy
F‖ is written as
F‖
kBTρL3
=
∫
dz
{[
τ
2
φ2 +
h
2
(
φ′′(z) + q20φ
)2
+
1
24
φ4
]
−N0
κ2D
(1 + λφ)
[
ψ′(z)
]2 − 2N0e−αφ coshψ}
+ σtφt + σbφb .
(16)
where dψ/dz is denoted as ψ′(z), etc.
Upon minimization of the above free-energy with re-
spect to φ(z) and ψ(z), two coupled Euler-Lagrange
equations are obtained for the A/B concentration, φ(z),
and the electrostatic potential, ψ(z):
hφ′′′′ + 2hq20φ
′′ + 16φ
3 + (τ + hq40)φ
+ 2N0αe
−αφ coshψ − λN0
κ2D
ψ
′2 = 0 ,
(17)
and
(1 + λφ)ψ′′ + λφ′ψ′ − κ2De−αφ sinhψ = 0 , (18)
where eq 18 is simply the Poisson-Boltzmann equation
for a linear dielectric system with inhomogeneous ε. In
addition, the boundary conditions are:
φ′′(± 12 ) + q20φ(± 12 ) = 0 ,
φ′′′(± 12 ) + q20φ′(± 12 )∓
σt,b
h
= 0 ,
ψ(± 12 ) = ± 12v ,
(19)
where v ≡ eV/kBT is the dimensionless voltage imposed
between the plates, and σt,b are the top and bottom sur-
face interactions, respectively.
C. The L⊥ phase
The above derivation of the profile equations is re-
peated but this time for the L⊥ phase, in which the lamel-
lae are perpendicular to the two surfaces at z = ±0.5.
The A/B volume fraction, φ(x, z), changes most signifi-
cantly along the x-axis, while the electrostatic potential
ψ(x, z) changes most significantly along the z-axis.
The free energy F , eq 15, can be applied to the perpen-
dicular orientation, and expanded to second order around
its bulk value, F⊥ = F (φ0, ψ0) + δF (δφ, δψ;φ0, ψ0). As
the expressions are somewhat cumbersome, they are pre-
sented in detail in the Appendix, and here we write the
final expression for F⊥ for an L× L× L film
F⊥
kBTρL3
=
∫
dx
∫
dz
×
{[
τ
2
φ2 +
h
2
(
∂2φ
∂x2
+
∂2φ
∂z2
+ q20φ
)2
+
1
24
φ4
]
− N0
κ2D
(1 + λφ)
[(
∂ψ
∂x
)2
+
(
∂ψ
∂z
)2]
− 2N0e−αφ coshψ
}
+
∫
dx [σtφt(x) + σbφb(x)] .
(20)
Further analytical progress can be obtained by as-
suming a single-mode variation of the profiles in the x-
direction, as can be justified close to the ODT. This is
done by assuming the following forms,
δφ(x, z) = φ(x, z)− φ0(x) = w(z) + g(z) cos(q0x) ,
δψ(x, z) = ψ(x, z)− ψ0(z) = f(z) + k(z) cos(q0x) ,
(21)
where w, g, f and k are amplitude functions that vary
slowly in the z direction.
6The zeroth-order terms in the expansion are:
φ0(x) = φq cos(q0x) ,
ψ0(z) = ψq sinh(κDz) , (22)
where φ0(x) represents the density variation of a perpen-
dicular lamellar phase with one mode, q = q0. The func-
tion ψ0(z) is the Debye-Hu¨ckel solution of the linearized
Poisson-Boltzmann equation with an average ε¯ satisfy-
ing the L⊥ boundary conditions, ψ0(±0.5) = ±v/2. The
amplitude parameters φq and ψq are,
φq =
√−8τeff ,
τeff = τ − 2N0α2 , (23)
ψq =
v
2 sinh(κD/2)
.
Next, the trial solutions of eqs 21-22 are substituted
into the free-energy expression, eq 20. Minimizing the
above free energy with respect to the amplitude func-
tions w(z), g(z), f(z) and k(z), results in four coupled
equations with their corresponding boundary conditions,
as is shown in eqs A2-A6 of the Appendix.
III. RESULTS
The calculations are done for a film of cross-sectional
area L×L = L2, in which the wavelength of the lamellae
is rescaled, as are all lengths, by L. The BCP periodicity
is d0 = 2pi/q0 = 1/3 (meaning three A/B lamellae within
the film thickness), and the two plates at z = ±0.5 act as
electrodes that are kept at a constant voltage difference,
v = eV/kBT . The two plates are taken to have the same
surface interaction with the A/B blocks, σ = σt = σb,
with σ > 0 corresponds to a surface preference for the B
block.
The two parallel phases, LA‖ and L
B
‖ , shown schemati-
cally in Figure 1a and b, should be considered separately.
The LA‖ phase is defined such that the surfaces prefer the
A monomers (σ < 0), while for the LB‖ phase, the sur-
faces prefer the B monomers (σ > 0). We note that in the
absence of ions, and for symmetric BCP chains as con-
sidered here (f = 0.5), the free energies of the two phases
are equal under the change of B and A and σ → −σ. This
symmetry is broken once ions are introduced because the
ionic solubility in the two blocks is taken to be different,
as is parameterized by α = (αA − αB)/2 6= 0, eq 9.
In our study, we arbitrary choose only α > 0, mean-
ing that ions are preferentially solubilized in the B-rich
regions. Therefore, in the LA‖ phase (Figure 1a), the A
layer is in contact with the plates, while the ions are pref-
erentially solubilized in B layers (as α > 0), which are not
in direct contact with the plates. This should be com-
pared with the LB‖ phase (Figure 1b), in which the ions
are preferably solubilized in the same B layer (as α > 0),
which is also in contact with the plates. Note the other
case of α < 0 can be simply obtained by the mapping:
α → −α, σ → −σ and λ → −λ, and exchanging the
meaning of the A and B monomers for the symmetric
BCP (f = 0.5), as will be discussed below.
A. Electric field and ion density profiles
The profiles of the electric field and the ion density are
plotted in Figure 2 for the LA‖ phase, and in Figure 3 for
the LB‖ one. Note that in the weak-segregation regime,
there is no sharp interface between the A-rich and B-rich
regions. Nevertheless, for presentation purpose, the A-
rich regions (φ > 0) are shown in the two figures in white
and the B-rich regions (φ < 0) in green (gray).
In Figure 2a and b, we present, respectively, the di-
mensionless electric field in the z-direction, E = −ψ′(z),
and the dimensionless total charge density, ρc = −ψ′′(z).
They are shown in Figure 2a and b for three values of
κD = L/λD, the dimensionless ratio between the film
thickness L and the Debye screening length λD (defined
in eq 14): κD = 0.01 (vanishingly small ion concentra-
tion, solid black line), 3.0 (dash-dotted red line), and 5.0
(large ion concentration, dashed blue line). Taking a typ-
ical film thickness of L ' 12.56 nm, an average dielectric
constant ε¯ = 4.5 and a temperature T = 430 K, we ob-
tain the density of the ions, nb, as a function of κD as
nb ' 0.05κ2D mM. Figure 2a shows the z-variation in the
dimensionless electric field, E = −ψ′, for these three val-
ues of κD. With added ions, the general trend is that the
magnitude of the electric field near the plates increases,
while it decreases in the center of the film. Figure 2b
presents the total charge density, ρc = −ψ′′. Note that
for extremely small ion concentration (nb = 5 nM), the
charges are almost completely due to the bound polar-
ization charges.
Figure 2 also demonstrates one of the most significant
differences between weak and strong segregation. For
strong segregation [38]), the bound charge appears as
sheets of dipoles located at the sharp boundaries between
the A and B layers. However, for weak segregation con-
sidered here, the bound charges of different signs are dis-
tinctly separated from one another, and their maximum
and minimum values do not occur at the boundary be-
tween A-rich and B-rich regions. We recall that the A/B
relative concentration has an almost sinusoidal variation
φ ∼ cos(q0x), while the white and green (gray) regions in
Figures 2 and 3 represent the A-rich (φ > 0) and B-rich
(φ < 0) regions simply to guide the eye.
As the electric field is stronger in the B regions (having
the smaller dielectric constant, λ > 0) than in the A
regions, both maxima and minima in the local charge
occur within the B regions (Figure 2b and d). This is
supported by the fact that, in the absence of free charge
and for a linear dielectric, the density of bound charge is
given by −ε0∇ε·E/ε. As the three κD curves in Figure 2b
are not so different from one another, it follows that the
amount of added ions is relatively small, as compared to
the bound polarization charge.
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FIG. 2. The electrostatic profiles for the parallel LA‖ phase as function of the inter-plate distance, −0.5 ≤ z ≤ 0.5. The two plates
at z = ±0.5 are kept at a constant potential, ±v/2 = ±eV/(2kBT ), and both prefer the A monomers (σ < 0). The BCP has a
periodicity d0 = 2pi/q0 = 1/3 (in units of film thickness, L). For clarity, the A-rich regions (φ > 0) are marked as white and the
B-rich (φ < 0) are colored green (gray). The dimensionless electric field, E = −ψ′, and local ion concentration, ρc = −ψ′′, are
plotted, respectively, in (a) and (b), in which κD (or equivalently nb) varies as: κD = L/λD = 0.01 (nb = 5 nM, solid black line), 3.0
(nb = 0.45mM, dash-dotted red line) and 5.0 (nb = 1.25mM, dashed blue line). The other parameter values are: surface interaction
σ = −0.02, ionic solubility α = 0.1, dielectric contrast λ = 0.2 and v = 1.0. In (c)–(d), the effect of varying the dielectric contrast,
λ, is shown for the values: λ = 0.1 (solid black line), 0.3 (dash-dotted red line), 0.5 (dashed blue line). Other parameter values are
σ = −0.02, α = 0.1, κD = 1.0 and v = 1.0. The definition of all dimensionless parameters follows eq 14.
Figure 2c and d shows, in a manner similar to Figure 2a
and b, the behavior of the z-component of the electric-
field and ion density profiles, but now for three different
values of the dielectric contrast (eq 3) between the two
blocks; λ = (εA − εB)/(εA + εB) = 0.1, (solid black line)
0.3 (dash-dotted red line), and 0.5 (dashed blue line).
As λ increases, a pronounced perturbation to the electric
field and the total free charge distribution can be seen in
Figure 2c and d. While the A-rich layers (white) contain
almost no free ions, the B-rich layers (green/gray) accom-
modate both cations and anions. A strong separation of
positive and negative charges occurs within each B layer,
resulting in an effective dipolar layer within each B layer.
This is clearly seen in Figure 2d, where the polarization
charge density strongly depends on the dielectric contrast
λ. Because the A block is chosen here to be in contact
with the two plates, the polarization produced by this
charge separation is not as large as it would be were the
B layers in contact with the plates, as is discussed next.
We turn now to the results for the LB‖ phase. In
Figure 3, the spatial dependency of the electric field,
E = −ψ′, and the ion concentration, ρc = −ψ′′, are
presented. They are shown, respectively, for three values
of the free ion concentration (related to variation in κD),
in Figure 3a and b, and for three values of the dielec-
tric contrast, λ, in Figure 3c and d. Because the ions
are preferentially solvated in the B (green/gray) regions
that are now in contact with the plates, the ions tend to
accumulate at the electrodes, as seen in Figure 3b and
d. This effect is even more pronounced when either the
density of ions or the dielectric contrast increase. Com-
parison of Figure 3b and 3d with Figure 2b and d makes
it clear that the separation of charge, and hence the po-
larization, is much larger in the LB‖ phase than in the
LA‖ one. Note the different scales of the electric field E,
and ion concentration ρc, as one compares L
A
‖ of Figure 2
with LB‖ of Figure 3.
The perpendicular lamellar phase, L⊥, is shown in Fig-
ure 4a, where the contour plot of the monomer relative
concentration, φ(x, z), in the L⊥ phase. The B block
preferentially absorbs on the two electrodes, (σ > 0),
while recalling that throughout our study we set (arbi-
trarily) α > 0, meaning that the ions prefers to be sol-
vated in the B blocks. The interaction with the plates
is sufficiently strong that the B monomers almost com-
pletely cover the plates. As a consequence, the A (yel-
low/gray) and B (blue/black) lamellae have a shape mod-
ulation rather than straight boundaries perpendicular to
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FIG. 3. Same electrostatic profiles and parameters as in Figure 2, but for the parallel LB‖ phase, when both plates prefer the B
monomers (σ > 0). The dimensionless electric field, E = −ψ′, and local ion concentration, ρc = −ψ′′, are plotted, respectively,
in (a) and (b) for three values of κD = 0.01 (nb = 5 nM, solid black line), 3.0 (nb = 0.45mM, dash-dotted red line) and 5.0
(nb = 1.25mM, dashed blue line). The other parameters are: σ = 0.02, α = 0.1, λ = 0.2 and v = 1.0. In (c)–(d), the same profiles
are plotted as in (a)–(b), but for three values of λ = 0.1 (solid black line), 0.3 (dash-dotted red line), 0.5 (dashed blue line). Other
parameter values are: σ = 0.02, α = 0.1, κD = 1.0 and v = 1.0. The definition of all dimensionless parameters follows eq 14.
the electrodes.
Figure 4b shows the contour plot of the local ion con-
centration. The black lines are the A/B inter-material
dividing surfaces defined as φ = 0. Clearly, the cations
(yellow/gray) locally accumulate at the negative bottom
electrode, and similarly, the anions (blue/black) accu-
mulate at the top positive one. This leads to a charge
separation on the order of the film thickness, L, as a re-
sult of the combined effect of surface preference for the B
monomers (σ > 0), and large solvation of cations/anions
in the B-rich regions (large α > 0).
B. L‖–to–L⊥ transition in presence of ions
The orientation transition between the parallel to per-
pendicular orientations is investigated with special em-
phasis to the dependence of the critical voltage, vc, on
added ions. We calculate the free-energy difference,
∆F = F⊥ − FA‖ , between the perpendicular L⊥ phase
and the parallel LA‖ one, in which the A blocks are pre-
ferred by the plates, as a function of the imposed external
voltage v ≡ eV/kBT . One can see in Figure 5 that ∆F
is a decreasing function of v. It passes through zero at
v = vc, and for v > vc, the perpendicular orientation,
L⊥, is the globally stable phase.
Figure 5 compares ∆F for two different ion concentra-
tions characterized by κD = 0.01 (almost no ions) and
3.0. The critical voltage, vc, for the L
A
‖ –to–L⊥ transition
decreases with increasing density of free ions, nb. The re-
duction in vc seen here is about 30%. However, by tuning
the other system parameters, it is possible to reduce vc
by a factor of two purely by adding a relatively small
amount of free ions. In a similar fashion, the free energy
of the L⊥ phase is compared with that of the parallel LB‖
one, where the B block is preferred by the plates. We
do not present these results here, but a similar reduction
of vc is found for the same range of system parameters.
A global view of the trends of vc with all four system
parameters is presented next and in Figures 6 and 7.
C. Trends of the critical voltage vc
We show now results for the global dependence of the
critical voltage, vc, on several system parameters in Fig-
ure 6 for the LA‖ –to–L⊥ transition (surfaces prefer A,
σ < 0), and in Figure 7 for the LB‖ –to–L⊥ transition
(surfaces prefer B, σ > 0). For the LA‖ case, the de-
pendence of vc on four parameters κD, σ, α and λ, is
shown separately in Figure 6a-d. Each figure part con-
tains three curves obtained for variation of one parameter
while keeping the other two fixed. The common trend is
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FIG. 4. Contour plots in the (x, z) plane for the L⊥ phase,
where the top and bottom electrodes at z = ±0.5 are kept at
a constant voltage, ±v/2. (a) The A/B relative concentration
φ(x, z), with the A-rich regions as yellow (gray) and the B-rich
ones in blue (black). (b) Contour plot of the local ion concen-
tration, n+ − n−, where the positive charge density is colored
in yellow (gray) and the negative one in blue (black). The thin
black lines in (b) are the A/B inter-material dividing surfaces
(IMDS) defined by φ = 0. The parameter values in (a) and (b)
are: σ = 0.04, κD = 3.0, α = 0.4 and v = 1.0. From (a) we see
that with this value of σ, the surface interaction is strong enough
for the B monomers to almost completely cover the plates. In
(b), the cations (yellow/gray) accumulate in patches at the bot-
tom electrode, and a similar accumulation of anions (blue/black)
is found at the top electrode.
that vc decreases with the three parameters κD ∼ √nb
(added ions), α (solvation contrast between A and B),
and λ (A/B dielectric contrast). Note that the reduction
upon the addition of a small amount of ions can be quite
large, on the order of 30% to 50%. As expected, the crit-
ical voltage increases with the surface parameter |σ| as
the latter prefers the L‖ phase.
The second scenario of the trends of vc is analyzed
for the LB‖ phase, and is presented in Figure 7. Unlike
Figure 6, here the surfaces as well as the ions prefer the
B block (σ > 0), leading to accumulation of ions close to
the plates. The increase of vc with σ (Figure 7b) and its
decrease with λ (Figure 7d) are similar to those shown
in Figure 6 above. However, the variation with κD and
α is more complex and left for further discussion in the
next section.
As a final result, we present in Figure 8 the critical
voltage vc as a function of |λ| for the LA‖ phase, and un-
0 6 1 2- 0 . 1
0 . 0
0 . 1
∆F  
 
v
 κD  =  0 . 0 1      =  3 . 0
FIG. 5. The free-energy difference, ∆F = F⊥ − FA‖ , between
the LA‖ and L⊥ phases is plotted as function of v for σ = −0.02
preferring the LA‖ phase. Two ion concentrations are used and
correspond to κD = 0.01 (solid black line) and 3.0 (dashed red
line). The transition voltage vc is reduced as κD (ion concentra-
tion) increases; from vc ' 10.45 for κD = 0.01 to vc ' 7.34 for
κD = 3.0. Other used parameters are α = 0.1 and λ = 0.2.
der fixed ion concentration (κD) and σ. The line of black
squares shows vc when the B block has the larger di-
electric constant (εA < εB), while the line of red circles
corresponds to vc when the B block has the smaller di-
electric constant (εA > εB). Under the same conditions
of ion concentration nb and surface interaction σ, it is
clear from the figure that for the LA‖ phase, smaller val-
ues of the applied voltage are sufficient to bring about
the reorientation, when the ions are preferably soluble
in the block with the larger dielectric constant (in our
example, εA < εB).
IV. DISCUSSION
The main aim of our study is to understand under what
conditions the reduction of the critical voltage, vc, can be
optimized by adding free ions. We investigated in detail
the system behavior as function of the following four ad-
justable and experimentally controlled parameters: the
surface preference interaction with the A/B monomers,
σ, the dielectric contrast λ ∼ εA − εB, the ion solubility
parameter α, and, of course, the added-ion concentration
nb ∼ κ2D. The sign of α is arbitrarily chosen to be posi-
tive; namely, the ions prefer the B layers. The sign of σ
determines whether we deal with the parallel orientation
for which the A layer is in contact with the plates (LA‖ for
σ < 0), or the B one (LB‖ for σ > 0). Finally, the sign of
λ determines which of the two A/B layers has the higher
dielectric constant.
In principle, one should study the dependence of vc
on nb for all eight combinations of the three parameter
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FIG. 6. The phase diagram for the LA‖ –to–L⊥ transition as function of four system parameters. (a) Critical voltage, vc, as function
of κD ∼ √nb for three σ < 0 values, and for α = 0.4 and λ = −0.2. (b) vc as function of surface-monomer interaction, σ < 0,
for three κD, and for α = 0.4 and λ = −0.2. (c) vc as function of ion solvation parameter, α, for three κD, and for σ = −0.01
and λ = −0.2. (d) vc as function of the dielectric difference, λ ∼ εA − εB, for three different values of κD, and for σ = −0.02 and
α = 0.1.
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(a) vc as function of κD ∼ √nb for three σ > 0 values, and for α = 0.4 and λ = 0.2. (b) vc as function of σ > 0, for three κD
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FIG. 8. Critical voltage, vc, as a function of the magnitude
of the dielectric contrast, |λ|. The ions solubilize preferentially
in the B-block, α = 0.4. The line of black squares shows vc
for realignment of the LA‖ phase when the B-block has the larger
dielectric constant (λ < 0), while the line of red circles represents
vc for the same transition but when the B-block has the smaller
dielectric constant (λ > 0). Other parameters are κD = 2.0 and
σ = −0.02.
signs. But there is a fundamental symmetry for a sym-
metric BCP (f = 0.5), where the volume fraction of the
A and B monomers is equal. A simultaneous change of
the sign of all three parameters σ → −σ, λ → −λ and
α → −α, merely interchanges the labels A and B, and
the system behaves exactly the same. Hence, we limit
the study to α > 0, and consider only the remaining four
combinations of the sign of σ and λ. This is presented
in Table I.a, where we show for α > 0 under what con-
ditions the value of vc will increase or decrease. Then,
by using the above-mentioned symmetry, the other four
different choices of signs for the α < 0 case are presented
separately in Table I.b.
Figures 6 and 7 show that for a giving set of exper-
imental parameters (α, σ, λ, nb), vc for the L
A
‖ -to-L⊥
transition is smaller than for the LB‖ -to-L⊥ transition in
most cases. This can be simply understood as follows:
As free ions are chosen to prefer the B-block (α > 0),
the charge separation in the LB‖ phase spans the entire
film thickness, L, while it is one half periodicity less in
LA‖ . This indicates that L
B
‖ becomes thermodynamically
more stable than LA‖ in presence of additional free ions,
as the dipolar contribution to the free energy is larger.
Therefore, the external voltage needed to cause a transi-
tion from parallel to perpendicular orientation for LB‖ is
larger than for LA‖ . This effect can be seen by compar-
ing Figs. 6 and 7, where vc is indeed larger for L
B
‖ than
LA‖ , while keeping all other system parameter at the same
values. In Table I.a, this is shown by comparing the top
row (σ > 0) with the bottom one (σ < 0), and indeed vc
𝜆𝜆 < 0 𝜆𝜆 > 0
𝜎𝜎 > 0L||B Exception:
𝜎𝜎 < 0L||A
BA( )ε ε>A B( )ε ε<
cv ↓↓ cv ↓
cv ↑ cv ↑
(a)         0   (ions  prefer  B)α >
 for  0cv α↓ ≈
𝜆𝜆 < 0 𝜆𝜆 > 0
𝜎𝜎 > 0L||B
𝜎𝜎 < 0L||A
Exception:
BA( )ε ε>A B( )ε ε<
cv ↓↓cv ↓
cv ↑
(b)         0   (ions  prefer  A)α <
 for  0cv α↓ ≈
cv ↑
TABLE I. The increasing or decreasing trends of vc for various
combinations of the four key system parameters. (a) The vari-
ous cases for α > 0, i.e., the B monomers have a higher ionic
solubility. The plates prefer either the A (σ < 0) or B (σ > 0)
blocks. In addition, either the A block has the larger dielectric
constant (εA > εB), or the B block has it (εA < εB). (b)
The four above subcases are repeated but for α < 0, i.e., the A
monomers have a higher ionic solubility. Due to the fundamental
symmetry, when we change α → −α as well as λ → −λ and
σ → −σ, the system with f = 0.5 does not change its behavior.
decreases more for the bottom row.
Since we have found that the critical field decreases
more for the LA‖ than for the L
B
‖ phase (always keeping
α > 0), it is enough to concentrate on the two remaining
subcases for the LA‖ phase appearing in the second row in
Table I.a. They differ by the sign of λ, corresponding to
whether εA is larger or smaller than εB. Figure 8 com-
pares those two cases and gives a clear answer that vc is
smaller when εB > εA (λ < 0). This result indicates that
in order to decrease vc, it would be more advantageous
if two conditions are satisfied: (i) the block in which the
ions are more soluble (here the B-block, α > 0), is also
the block with the larger dielectric constant (λ < 0). (ii)
This block is not in contact with the surface.
We now turn to the effects of adding free ions on vc
for all four combinations of σ and λ for α > 0 (Table
I.a). Our qualitative explanation is simple, although it
does not retain the more complex coupling between the
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various parameters. In addition, it is in agreement with
previous theoretical works [36–38]. As the charge sep-
aration for the LA‖ is about the film thickness L minus
half a periodicity, while this separation spans the entire
film thickness, L, for the L⊥, it leads to a difference in
polarization between the two phases; roughly, an effec-
tive charge multiplied by d0/2. The addition of free ions
decreases ∆F = F⊥−F‖ because when the total charges
increase, it will make the L⊥ phase more stable. There-
fore, vc decreases by adding additional free ions in L
A
‖ for
both λ > 0 and λ < 0 cases, as is seen in the second row
of Table I.a.
On the other hand, the charge separation in the LB‖
roughly spans the thickness L, just as it does for L⊥.
However, as the electrodes are completely covered by B
blocks for the parallel phase, while they are less wetted by
the B blocks for the perpendicular phase, the additional
free ions makes the parallel phase more stable than the
perpendicular one. This is why vc increases by increasing
the free ion concentration, as is presented in the first row
of Table I.a and in Fig 7a (black line, σ = 0.01).
We remark that for the LB‖ phase the situation is some-
what more complex than for the LA‖ one. While for
most parameter values, vc increases with nb, as discussed
above, there is an exception in this dependence as can be
seen in the top right entry of the Table I.a (for λ > 0).
The more usual case mentioned previously is valid for
large |α| and small σ, and leads to an increase in vc with
nb. However, other combinations of α and σ lead to a
decrease of vc with nb. As there are always some free
ions in the A block, increasing nb enhances the stability
of L⊥ but has little effect on the stability of LB‖ . As a
result, vc decreases for increasing values of nb. This more
subtle effect has not been mentioned in previous works.
V. CONCLUSIONS
To summarize, from our study that employs an ana-
lytic free-energy expansion in the weak-segregation limit,
we can draw two important conclusions: (i) the addition
of even a small amount of free ions generally reduces
the critical voltage, vc, needed to reorient the system of
lamellae from parallel to perpendicular orientation with
respect to the plates; (ii) The largest reduction in vc is
obtained when the ions are most soluble in a block which
has the largest dielectric constant, and is also the block
that is not preferred by the plates. This is shown in Ta-
ble I.a for the LA‖ phase when we satisfy the conditions:
σ < 0, α > 0 and λ < 0. We show, separately in Ta-
ble I.b that such conditions are satisfied for the LB‖ phase
for σ > 0, α < 0 and λ > 0.
These results are in line with several previous works
but offer a broader viewpoint as we consider in detail
the combination of all important system parameters, and
their effect on vc. These conclusions can certainly be
tested in future experiments. In addition, it will be of
interest to complement our analytical results by numeri-
cal works that are not restricted to the weak-segregation
limit, and potentially to other anisotropic phases such as
non-symmetric lamellar or hexagonal BCP phases.
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Appendix A: The free energy and profile equations
of L⊥
As explained in section II.C, the L⊥ free energy of eq 20
is expanded to second order around its bulk value, F⊥ =
F⊥(φ0, ψ0) + δF⊥(δφ, δψ;φ0, ψ0), yielding,
1
kBTL3ρ
δF⊥(δφ, δψ;φ0, ψ0)
=
∫
dx
∫
dz
{[
(τ + hq40)φ0 +
1
6
φ30 + hq
2
0∇2φ0
+ 2N0αe
−αφ0 cosh(ψ0)− N0λ
κ2D
(∇ψ0)2
]
δφ
− 2N0e−αφ0 sinh(ψ0)δψ − 2N0(1 + λφ0)
κ2D
∇ψ0∇δψ
+ h(∇2φ0 + q20φ0)∇2δφ
+
1
2
[
τ + hq40 +
1
2
φ20 − 2N0α2e−αφ0 cosh(ψ0)
]
(δφ)2
+
1
2
h(∇2δφ)2 −N0e−αφ0 cosh(ψ0)(δψ)2
− N0(1 + λφ0)
κ2D
(∇δψ)2 + hq20δφ∇2δφ
+ 2N0αe
−αφ0 sinh(ψ0)δφδψ − 2N0λ
κ2D
∇ψ0δφ∇δψ
}
+
∫
S
dxσδφ ,
(A1)
where ψ = ψ0 + δψ, φ = φ0 + δφ, and the gradient
operator is taken in the plane, ∇ = (∂/∂x, ∂/∂z)
The 2D profile equations for φ(x, z) and ψ(x, z) of the
L⊥ phase are obtained by solving the four coupled differ-
ential equations for the amplitude functions, w(z), f(z),
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g(z) and k(z):
w′′′′ + 2q20w
′′ +
(
q40 −
τeff
h
)
w
= −2N0α
h
+ λψq
N0
κDh
cosh(κDz) [ψqκD cosh(κDz) + 2f
′]
− 2N0α
h
ψq sinh(κDz)f − α
3N0
h
φqg
+
α2N0
h
φqψq sinh(κDz)k
(A2)
g′′′′ − 2τeff
h
g
=
2λψqN0
hκD
cosh(κDz)k
′ +
2N0α
2
h
φqψq sinh(κDz)f
− 2N0α
h
ψq sinh(κDz)k − 2N0α
3
h
φqw
(A3)
k′′ − (κ2D + q20)k
= −λψqκD cosh(κDz)g′ − (λ+ α)ψqκ2D sinh(κDz)(φq + g)
− λφqf ′′ − αφqκ2Df + α2κ2Dφqψq sinh(κDz)w
(A4)
f ′′ − κ2Df
= −1
2
λφqk
′′ − ακ
2
Dφq
2
k + α2
κ2Dφqψq
2
sinh(κDz)g
− (α+ λ)ψqκ2D sinh(κDz)w − λψqκD cosh(κDz)w′
(A5)
In addition, we need to specify the boundary condi-
tions at z = ±0.5 for the four amplitude functions:
w′′(± 12 ) + q20w(± 12 ) = 0
w′′′(± 12 ) + q20w′(± 12 )∓
σt,b
h
= 0
g′′(± 12 ) = 0 g′′′(± 12 ) = 0
f(± 12 ) = 0 k(± 12 ) = 0
(A6)
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